The problem of quantum light waves propagating through complex plasma has attracted considerable attention for several decades thanks to its rich applications in various physical systems. Some interesting applications include the diagnosis and analysis of plasma[@b1][@b2] and frequency transformer producing terahertz radiation (T-ray)[@b3][@b4][@b5]. The research for the propagation of light waves in general time-varying media began in the late 1960s by Auld et al.[@b6] and some other research groups[@b7][@b8]. Afterwards, wave phenomena in such media were actively investigated in the literature, especially focusing on the light waves traveling through time-varying plasma[@b9][@b10][@b11][@b12][@b13][@b14][@b15][@b16]. Collective modes of self-sustained oscillations of turbulent dusty plasmas around their equilibrium positions were observed in some situations and their physical properties have been studied[@b2][@b17][@b18][@b19][@b20][@b21][@b22]. The mechanism for realizing frequency up-conversion of light waves via their interaction with a suddenly created plasma slab was also reported[@b23][@b24][@b25].

If we know analytical solutions of a quantum light wave, we can easily estimate quantum properties of the system and are able to predict its subsequent behaviors. However, most of the researches in this field have been performed numerically on the basis of the well known finite-difference time-domain (FDTD) method[@b4][@b9][@b26] or some other methods, due to the difficulty of mathematical procedure for analytical description of waves in complicated plasma. Inspired by this situation, we investigate how to derive analytical solutions of the Schrödinger equation for light waves in a time-varying plasma medium. Further, quantum properties of the system will be studied in detail by taking advantage of their exact quantum wave functions. For this purpose, we consider light waves propagating through a self-oscillating turbulent plasma. Plasma, which is a quasineutral gas, is composed of charged particles and neutral particles. Due to chargedness of their elements, plasma allow currents and, on account of electrical force within a pair of plus and minus ions in plasma, there is a tendency for the plasma to become neutral as a whole. If we consider that the electrical force acts like a restoring force, this property is, in essence, the origin of plasma oscillation. Indeed, in macroscopic point of view, the plasma oscillation takes place by a restoring force when neutral plasma is slightly deviated from an equilibrium position.

When plasma oscillate, the resulting electromagnetic parameters in media, such as conductivity, permeability, and permittivity, may vary according to their specifically given oscillations. In this situation, the system is described by a time-dependent Hamiltonian, i.e., it belongs to a time-dependent harmonic oscillator. We will show that a periodical variation of the conductivity enables us to describe the light waves in media with a modified Caldirola-Kanai (CK) oscillator. Our scheme for modifying the standard CK oscillator as a model for describing time-varying plasma in this situation is replacing the constant damping factor of the standard CK oscillator[@b27][@b28] with a factor that involves a sinusoidally varying term in addition to a constant one. If we consider that conductivity acts as a damping factor for light wave propagation, this corresponds to the exact response of wave motion when sinusoidally varying conductivity is involved as a specific character of the plasma. Recent increasing interest in plasma oscillation is not only due to its great assortment of collective modes for which it sustains, but also due to its value in probing the density of ionized particles on the basis of the sole dependence of oscillation frequency on charge density of plasma[@b22]. For other types of modified CK oscillator models, refer to Refs. [@b29],[@b30],[@b31].

The time-dependent harmonic oscillator model is very useful when investigating a system which has one or more time-dependent parameters and has attracted great interest from the early days of modern physics[@b32][@b33][@b34][@b35][@b36][@b37]. Quantum features of the modified CK oscillator model for light waves in plasma that have time-varying electromagnetic parameters will be described using an SU(1,1) Lie algebraic approach. Lots of novel quantum phenomena such as phase coherence, quantum correlation, and quadrature squeezing can be explained through the use of the SU(1,1) Lie algebra, since it provides a useful formulae for describing the majority of quantum states[@b29][@b37][@b38].

Results
=======

Dynamics of light waves in time-varying plasma
----------------------------------------------

Consider a light wave propagating in time-varying plasma which has no net charge density. Suppose that the magnetic permeability and the electric conductivity vary as time goes by, whereas the electric permittivity is constant for simplicity. Then, the speed of a light wave in the medium varies with time and is expressed as , where is the electric permittivity and *μ*(*t*) is the time-dependent magnetic permeability, whereas the wave number *k* is constant. The basic relations between fields in such time-varying plasma are given by and **B** = *μ*(*t*)**H**. Meanwhile, the relation between current density and electric field is **J** = *σ*(*t*)**E**, where *σ*(*t*) is the time-dependent electric conductivity.

Let us take the Coulomb gauge for the sake of simplicity. Then, the scalar potential vanishes in (net) charge free space and, hence, we only need to consider the expansion of the vector potential in order to develop electromagnetic theory of the system. By representing the vector potential in the form it is able to separate the position and the time functions. The solutions of the system are entirely determined by Maxwell\'s equations. The position function is determined by the geometry of boundaries of plasma while the time function follows the equation[@b36] where *ω*(*t*) = *kc*(*t*). For *σ*(*t*) = *σ*(0) and *μ*(*t*) = *μ*(0), our model reduces to that described by the familiar standard CK oscillator. As is well known, the standard CK oscillator is an elementary system for describing a damped harmonic oscillator characterized by a constant damping factor. The modification of the system from the standard CK oscillator in our model is mainly determined by the time behavior of *σ*(*t*).

Each particle in the plasma is arranged in such a way that the net force exerted to a particle from all other particles becomes zero, leading to a homogeneous neutral state of charge. If an electron moves from such equilibrium position, a positive charge is generated in the equilibrium position and there arises electric forces between this new positive charge and surrounding electrons. This leads the electron to oscillate. Since the interaction between electrons is very large, each electron oscillates with a characteristic frequency determined depending on properties of the plasma. Under such plasma oscillations[@b3], we assume that there is a sinusoidally varying term in the conductivity of media, as well as a constant one, such that where *a* and *b* are arbitrary positive constants and *ϖ* is a constant frequency of conductivity oscillation. In this model, *σ* is always positive for the case that *a* \> *b*, whereas it is both positive and negative, in turn, whenever *a* \< *b*. The properties of plasma with the negative value of *σ* have been studied in Refs. [@b3] and [@b39]. However, in most cases, *b* is very small compared to *a*. Another example of conductivity oscillation is the Shubnikov-de Haas effect[@b40][@b41][@b42]. This oscillation is a macroscopically observed intrinsic quantum nature of matter which appears when the material is subjected to very intense magnetic fields with the upkeep of low temperature.

The quantum Hamiltonian that corresponds to the classical equation of motion, [Eq. (2)](#m2){ref-type="disp-formula"}, can be represented as where . The time function Λ(*t*) is given by where is a constant. From [Eq. (4)](#m4){ref-type="disp-formula"}, we see that the Hamiltonian of the system is time-dependent. Note that the time dependency of Λ(*t*) does not disappear even when *b* = 0. Therefore, the standard CK oscillator is also a family of time-dependent harmonic oscillator.

Formulation of wave function from SU(1,1) Lie algebra
-----------------------------------------------------

A useful way for investigating complex dynamical systems is to introduce SU(1,1) Lie Algebraic operators associated with a given system. A broad range of oscillator-like problems in physics is well described in terms of SU(1,1) Lie algebra[@b29][@b37][@b38][@b43][@b44]. Accordingly, many authors have used this algebraic method to unfold both classical and quantum theories of optical systems. The phase properties of a quantized light which exhibits nonclassical properties have been theoretically investigated by Gerry by means of SU(1,1) Lie algebras[@b38]. This algebra can also be successfully used for the purposes of studying coherence and squeezing properties of photons, analyzing quantum mechanical interferometers and beam splitters, investigating dissipative processes in quantum optical systems, and so on[@b44].

According to the SU(1,1) Lie algebraic theory[@b29][@b37][@b38], we introduce SU(1,1) generators that are suitable for our system such that where Ω is a real positive constant and *ρ*(*t*) is a time-function that satisfies the differential equation of the form [Equation (9)](#m9){ref-type="disp-formula"} is a modified form of the Milne equation[@b45]. Although we focus on analytical investigation of light waves, the Milne equation is also useful for studying numerical analysis of mechanical systems[@b46]. If where *ω*~0~ is a constant, [Eqs. (6)](#m6){ref-type="disp-formula"}--[(8)](#m8){ref-type="disp-formula"} recover to those of the simple harmonic oscillator. The commutation relations between generators are , , and . At this stage, it can be easily checked that the direct differentiation of [Eq. (6)](#m6){ref-type="disp-formula"} results in zero: This means that is a time-constant.

Now we define the raising and the lowering operators to be These also yield the usual commutation relations which are and . Considering that the eigenvalue of the Casimir operator, , is given by *k*(*k* − 1) = −3/16, we can confirm that the Bargmann index is *k* = 1/4 or *k* = 3/4. The basis of the unitary space is a set of an even boson number for *k* = 1/4 and an odd boson number for *k* = 3/4.

If we use the properties of SU(1,1) operators, it is possible to derive the wave functions of the light wave propagating through the plasma medium. From the procedure represented in the latter section, Methods, we can confirm that the wave functions in the Fock state are given by where are the eigenstates of : and *θ~n~*(*t*) are time-dependent phases of the form These wave functions are very useful when investigating quantum characteristics of the system and agree well with those obtained from other methods irrelevant to Lie algebraic scheme[@b47]. For instance, the quantum fluctuation of canonical variables and the expectation value of quantum energy can be identified using the wave functions. Notice that the exact knowledge of *ρ*(*t*) that can be obtained from [Eq. (9)](#m9){ref-type="disp-formula"} is crucial for analyzing the time behavior of the wave functions.

Analysis of quantum behaviors
-----------------------------

Our research in this work can be applied to diverse particular cases by choosing the time-dependent angular frequency *ω*(*t*) given in [Eq. (2)](#m2){ref-type="disp-formula"}. Let us consider one of the solvable cases in which *ω*(*t*) is given by where *ω*~0~ is a positive constant and Let us first see the classical features of this system. The classical energy of the light wave can be expressed as where . The classical solution of [Eq. (2)](#m2){ref-type="disp-formula"} in this case is given by where *q*~0~ and *φ* are arbitrary constants while, from Hamilton\'s equation, the canonical momentum becomes . If we insert these quantities, *q*(*t*) and *p*(*t*), in [Eq. (17)](#m17){ref-type="disp-formula"}, we have The envelope of this energy decays with time due to the exponential factor *e*^−Λ(*t*)^.

Now we turn our attention to quantum features of the system. From previous sections, we have seen that the quantum solutions are expressed in terms of the classical solution *ρ*(*t*). Hence, to investigate the quantum systems completely for particular cases, it is necessary to solve [Eq. (9)](#m9){ref-type="disp-formula"}. In this case, we can easily verify that the solution of [Eq. (9)](#m9){ref-type="disp-formula"} is represented in the form Using this, [Eq (12)](#m12){ref-type="disp-formula"} can be rewritten as The probability densities which are the square of this equation, , are illustrated in [Fig. 1](#f1){ref-type="fig"}, where we have chosen *n* = 5 as an example. Six peaks, that each corresponds to a highly concentrated local probability density, are found in this figure along the *q*-axis at any given time. This proves to be the same result as in the case of the well known simple harmonic oscillator. In general there are *n* + 1 regions of locally high probability density for *n*th quantum state. As you can see, the probability density converges to the origin where *q* = 0 as a whole. This means that the amplitude of the wave packet dissipates with time due to the existence of conductivity.

We can investigate various quantum properties of the system using the wave functions given in [Eq. (21)](#m21){ref-type="disp-formula"}. As an example, we consider the expectation value of quantized energy of the system. The energy operator of the system is easily obtained by replacing *q* and *p* in [Eq. (17)](#m17){ref-type="disp-formula"} with operators and : The expectation value of this operator can be obtained with the use of [Eq. (21)](#m21){ref-type="disp-formula"}, such that where These quantum energies dissipate over time according to the decrease of wave amplitude caused by the nonzero conductivity in plasma. The comparison of the quantum energy and the classical energy represented in [Eq. (19)](#m19){ref-type="disp-formula"} is given in [Fig. 2](#f2){ref-type="fig"}. The time behavior of the quantum energy is very similar to that of the classical energy in most cases \[see [Fig. 2(a)](#f2){ref-type="fig"}\], but sometimes they are somewhat different from each other \[see [Fig. 2(b) and 2(c)](#f2){ref-type="fig"}\]. One of the reasons for this discrepancy of quantum energy with the classical one is the existence of the zero-point energy in quantum energy as a pure quantum effect.

If we take the time average of [Eq. (19)](#m19){ref-type="disp-formula"} only for the oscillation relevant to the frequency represented in terms of *ω*~0~, we have Thus, we can confirm that the time behavior of the quantum energy [Eq. (23)](#m23){ref-type="disp-formula"} is very similar to this time-averaged classical energy.

The general wave function is the collection of all possible wave functions with order *n* in the Fock space: where *c~n~* are amplitudes of *n*th Fock state wave function, which yield ∑~*n*~\|*c~n~*\|^2^ = 1. As a further illustration, let us consider an initial wave function of the form where *β*~1~ and *β*~2~ are arbitrary constants which are complex. Without loss of generality, we can put where *ϑ*~1~ is an arbitrary constant. *β*~2~ can also be represented in the same way. If we denote that *β~j~* = Re(*β~j~*) + *i*Im(*β~j~*) (*j* = 1, 2) where Re(*β~j~*) and Im(*β~j~*) are real and imaginary parts of *β~j~*, from the normalization condition of this wave function, we have the following relation that should be imposed here The amplitude of the *n*th order wave function is easily computed from Using [Eqs. (21)](#m21){ref-type="disp-formula"} and [(27)](#m27){ref-type="disp-formula"}, *c~n~* becomes By inserting the above equation and [Eq. (21)](#m21){ref-type="disp-formula"} into [Eq. (26)](#m26){ref-type="disp-formula"}, we have This is the central result of our research. For *t* = 0, this equation recovers to [Eq. (27)](#m27){ref-type="disp-formula"} as expected. If we consider that no approximation is used up to now, the time behavior of the wave function, [Eq. (31)](#m31){ref-type="disp-formula"}, is exact. Many authors rely on numerical methods[@b4][@b9][@b26][@b48][@b49][@b50] in order to analyze complicated phenomena of light propagation in time-varying plasma. However, we no longer need numerical simulation in case it is possible to know exact analytical solutions. The analytical solution given in [Eq. (31)](#m31){ref-type="disp-formula"} is very convenient when estimating the time behavior of the light waves thanks to its flexible applicability in any situation. Moreover, its derivation requires no iteration procedure which is necessary when we find a new solution at different times or with other choices of parameters using numerical simulation.

Now, one can easily verify that the probability density can be represented as a simple form which is a Gaussian wave packet: where

In the derivation of [Eq. (32)](#m32){ref-type="disp-formula"}, we used the relation given in [Eq. (28)](#m28){ref-type="disp-formula"}. Because we see from [Eq. (33)](#m33){ref-type="disp-formula"} that the width *ν*(*t*) of the Gaussian wave packet is proportional to *e*^−Λ(*t*)/2^ and it is known from [Eq. (5)](#m5){ref-type="disp-formula"} that Λ(*t*) increases with time, the leading behavior of the width of the packet is that it becomes exponentially narrower with time while the height increases. This implies the appearance of dissipative characteristics of the Gaussian wave packet in response to the presence of conductivity *σ*(*t*). If we consider that the value in the parenthesis of [Eq. (34)](#m34){ref-type="disp-formula"} can be rewritten as , the center of the Gaussian wave packet oscillates sinusoidally with time like a classical state. We can also confirm these facts from [Fig. 3](#f3){ref-type="fig"}. [Figure 3(a)](#f3){ref-type="fig"} exhibits a high-frequency oscillation of the wave packet with relative high *ω*~0~, whereas [Fig. 3(b)](#f3){ref-type="fig"} a low-frequency oscillation. Except for such dynamical oscillations of the packet, the time-varying behavior of the amplitude of packets given in [Fig. 3](#f3){ref-type="fig"} is largely similar to that of the Fock state represented in [Fig. 1](#f1){ref-type="fig"}.

The probability that represents the contribution of *n*th Fock state wave to the total wave packet is given by Using this and [Eq. (23)](#m23){ref-type="disp-formula"}, the mean value of energy for the Gaussian wave is evaluated to be where is the mean value of quantum numbers contributed to the packet, that is given by . In addition, the dispersion of energy is obtained from A straightforward calculation gives This also decreases with time and is proportional to .

We have shown up until now that the quantum wave packets in time-varying plasma converge to the origin, where *q* = 0, with time. Along this convergence, the quantum energy also dissipates. In the case that *σ*(*t*) → 0, the overall dissipation discussed in this section vanishes. We confirmed that the Gaussian wave packet, [Eq. (32)](#m32){ref-type="disp-formula"}, oscillates like that of the classical states. The analysis of quantum light waves given here may provide a useful method for treating quantum behavior of light waves in complex plasma.

Discussion
==========

The modified CK oscillator model is considered in order to investigate the analytic properties of light waves in time-varying plasma whose electromagnetic parameters such as magnetic permeability, and electric conductivity vary with time. The main factor that characterizes our model is the time behavior of the conductivity given in [Eq. (3)](#m3){ref-type="disp-formula"}. One of prospect applications of the modified CK oscillator is the quantization problem of radiation fields in time-varying media like dynamical plasma. The conductivity of a plasma medium is responsible for the damping of a light wave propagating through it. Hence, if the conductivity vanishes and other electromagnetic parameters are constant, the radiation field does not dissipate with time and it merely corresponds to that of the case described by the simple harmonic oscillator.

Through different choices of time-dependent parameters, our research can be applied to analyzing quantum behaviors of light waves in plasma under various situations of plasma process. When *b* → 0 and *μ*(*t*) → *μ*~0~ (constant), our model recovers to that of the standard CK oscillator, whereas, in the case that *a* → 0, it becomes a somewhat different model of a modified CK oscillator given in Ref. [@b51].

To study the quantum problem of light waves in time-varying plasma, the SU(1,1) Lie algebraic formulation of quantum theory is used. The SU(1,1) generators , , and are introduced as shown in [Eqs. (6)](#m6){ref-type="disp-formula"}--[(8)](#m8){ref-type="disp-formula"}. The raising and the lowering operators associated with this algebra are also constructed and we took advantage of them in order to derive the exact wave functions of the system in the Fock state. Quantum solutions and further results for light waves are described in terms of the classical solution *ρ*(*t*) of a modified Milne equation[@b45] given in [Eq. (9)](#m9){ref-type="disp-formula"}. We can say that the obtainability of quantum solutions is determined by the solvability of [Eq. (9)](#m9){ref-type="disp-formula"}. In fact, the solution of the Milne equation can be represented in terms of two linearly independent solutions of classical light wave, i.e., the solutions of [Eq. (2)](#m2){ref-type="disp-formula"}[@b46]. For this reason, we are able to obtain *ρ*(*t*) provided that two linear independent solutions of [Eq. (2)](#m2){ref-type="disp-formula"} are known or derivable. This implies that the complete quantum solutions can be obtained according to our theory based on the SU(1,1) Lie algebraic approach, so long as the solutions of corresponding classical light waves are solved. Hence, we can analyze the overall quantum characteristics of light waves on the basis of such solutions. Indeed, this point is a great advantage when implementing our novel method in the light wave research. Notice that our description of quantum light waves requires no approximation or perturbation technique whatsoever.

As a particular case, we considered the light wave that has the natural frequency of [Eq. (15)](#m15){ref-type="disp-formula"}. The wave functions in the Fock state are given by [Eq. (21)](#m21){ref-type="disp-formula"} and the corresponding probability densities are illustrated in [Fig. 1](#f1){ref-type="fig"}. As time goes by, the wave packet converges to the origin where *q* = 0. It is shown that the time behavior of the quantum energy of light waves agrees well with that of the classical energy in most cases under the specific choice of the value of parameters, as shown in [Fig. 2(a)](#f2){ref-type="fig"}. However, in some cases, the quantum energy somewhat deviates from the classical one \[see [Figs. 2(b) and 2(c)](#f2){ref-type="fig"}\]. One of the reasons for this discrepancy is the existence of the zero-point energy in quantum cases. By choosing the initial wave packet as [Eq. (27)](#m27){ref-type="disp-formula"}, we obtained the Gaussian wave packet that oscillates like a classical wave. The width of the Gaussian wave packet given in [Fig. 3](#f3){ref-type="fig"} was gradually narrowed as time went by due to the existence of conductivity in the media. This implies that the light waves dissipate with time. Indeed, conductivity acts like a damping factor for the traveling fields.

The current mainstream of the research for the properties of light propagation in complex time-varying media is to use numerical methods such as the FDTD method[@b4][@b9][@b26], the TMM (transfer matrix method)[@b48], the BPM (beam propagation methods)[@b26][@b49], and the FEM (finite element method)[@b50]. However, in principle, numerical simulation is a second alternative chosen when we are unable to find analytical solutions. Due to the intrinsic limitation inherent in numerical methods, a solution obtained from a numerical simulation at a certain time *t* is inadequate to be used for further analysis at a later time. For this reason, analytical solutions for the time evolution of light waves, such as [Eq. (31)](#m31){ref-type="disp-formula"}, are very important for identifying their overall time behavior in complicated time-varying media. Apparently, even if the time variation of the system is somewhat complex, we can flexibly use this analytical solution without necessity of paying attention to the change of the parameters in plasma.

As a final remark, our research can be applied to various fields in science and technology. Among them, the real-time state of plasma in a tokamak where nuclear fusion takes place can be analyzed and diagnosed by monitoring the radiation fields propagating through it, leading to keep the optimal condition for nuclear fusion[@b4]. The physical conditions of plasma in a tokamak, such as temperature, pressure, and ionization, are closely related to the state of radiation fields in it, which we have studied here. The exact real-time check for the status of plasma in a tokamak is crucial for efficient and rigorous control of the whole procedure during the generation of fusion energy. Another useful application is biomedical THz imaging[@b10] which is a very promising research field in biomedical science and engineering. The radiation fields within the frequency range of 0.1--10 THz are known as T-rays. The T-rays occupy a large part of the frequency band, involving both microwave and infrared, and relatively do not developed further when compared to other rays. Our theory developed here can be used to provide a theoretical background for frequency transformers which are necessary for producing T-rays. T-rays are obtained by transforming frequencies of beams that initially have other range of frequencies, because there is no known natural source of T-rays with sufficient efficiency yet.

Methods
=======

Here we represent how to derive wave functions of quantum light wave via the SU(1,1) Lie algebraic approach. If we denote the *n*th eigenfunction of as \|*ϕ~n~*〉, it can be easily verified that

These properties are necessary when we derive quantum states of the system. From the condition that we derive the ground state eigenfunction of *K*~0~ to be On the same ground, the first excited eigenfunction, 〈*q*\|*ϕ*~1~〉, is also obtained by solving . Further, the even order excited eigenfunctions 〈*q*\|*ϕ~n~*~=\ 2*m*~〉 () can be evaluated by operating *m* times in 〈*q*\|*ϕ*~0~〉 \[[Eq. (42)](#m42){ref-type="disp-formula"}\] and the odd order excited eigenfunctions 〈*q*\|*ϕ~n~*~=\ 2*m*+1~〉 can also be obtained by the same operation in 〈*q*\|*ϕ*~1~〉. Eventually, by merging the corresponding two results[@b37], we have the normalized full eigenfunctions, 〈*q*\|*ϕ~n~*〉, which are represented in [Eq. (13)](#m13){ref-type="disp-formula"}.

Now, by solving the eigenvalue equation, , we get the eigenvalues of as . If we recall from [Eq. (10)](#m10){ref-type="disp-formula"} that is a time-constant, this result which exhibits that *λ~n~* is not a function of *t* is natural.

According to the Lewis-Riesenfeld theory for a quantization of the time-dependent harmonic oscillator[@b32], the wave functions are represented in terms of the eigenfunctions 〈*q*\|*ϕ~n~*〉 as shown in [Eq. (12)](#m12){ref-type="disp-formula"}. However, the phases *θ~n~*(*t*) of the wave functions are undetermined yet. By inserting the equation , where 〈*q*\|*ϕ~n~*〉 are given by [Eq. (13)](#m13){ref-type="disp-formula"}, together with [Eq. (4)](#m4){ref-type="disp-formula"} into the Schrödinger equation, we can derive the exact phases[@b32][@b37][@b47]. Thus, through this procedure, the full wave functions of the system in the Fock state are derived as given in [Eq. (12)](#m12){ref-type="disp-formula"} with [Eqs. (13)](#m13){ref-type="disp-formula"} and [(14)](#m14){ref-type="disp-formula"}.
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